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Abstract This paper focuses on how the geometry component of the National Curricula for 
mathematics in Japan and in one selected country of the UK, specifically England, is interpreted in 
school mathematics textbooks sampled from each country. The findings we report identify features 
of geometry, and approaches to geometry teaching and learning, that are found in a sample of 
textbooks aimed at students in Grade 8 (aged 13-14). Our analysis indicates that, following the 
specification of the mathematics curriculum for Grade 8 in the selected countries, textbooks in 
Japan set out specifically to develop students’ deductive reasoning skills through the explicit 
teaching of geometrical proof, whereas comparative textbooks in England tend, at this Grade level, 
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transformations, constructions, loci, and measurement. Issues related to the teaching of reasoning 
and problem-solving in geometry are raised based on these findings. 
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1 Introduction 
In a ground-breaking study of the development of school curricula, 
Kamens and Benavot (1991) reported on how and why, by the early 
part of the 20th century, mathematics and science had become 
“universally-required core components of elementary and secondary 
school curricula worldwide” (ibid , p. 137). In the 1980s, Unesco 
conducted a survey of mathematics (and science) in school curricula 
across 161 countries and found that “perhaps the most incontestable 
facts to emerge are that both mathematics and science are now firmly 
entrenched in school curricula world-wide” and that “mathematics is 
taught at all levels” (Unesco 1986, p. 44). In more recent years, the 
Trends in International Mathematics and Science Study (TIMSS) has 
been documenting how almost every country across the world has 
some form of curriculum statement, or National Curriculum, for 
mathematics (see, for example, Schmidt et al. 1997; Mullis 2012). At 
the national level, in practice, there is much variation across countries 
in the form and type of national documentation, ranging from highly-
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specified curricula to what Ruddock (1998, p. 2) calls “more flexible 
arrangements with considerable local autonomy”. 
Whatever the variation of forms of documentation, within national 
curricula for mathematics the topic of geometry forms a major part 
(Howson 1991; Schmidt et al. 1997). This is because, as Atiyah, 
(2001, p. 657) explains, geometry is one of the “two pillars of 
mathematics” (alongside algebra). Nevertheless, arguments about 
what geometry to include in the school curriculum have been going on 
for at least one hundred years (see, for example, Sinclair 2008; 
Usiskin 1987). One well-known curriculum team from the early 1970s 
even commented “Of all the decisions one must make in a curriculum 
development project with respect to choice of content, usually the 
most controversial and the least defensible is the decision about 
geometry” (The Chicago School Mathematics Project staff 1971, p. 
281). Such controversy means that the geometry component of school 
mathematics curricula is ideal to select for study of how National 
Curricula for mathematics are interpreted in school mathematics 
textbooks. 
While TIMSS provides contemporary information on school 
mathematics curricula, it was the earlier Second International 
Mathematics Study (SIMS) that began to distinguish three aspects of 
the curriculum: the intended curriculum that is contained within 
National Curriculum documentation, the implemented curriculum that 
is taught by teachers, and the attained curriculum that is learnt by 
students (Pelgrum et al. 1986; Travers and Westbury 1989; plus see 
Robitaille 1980). Evidence from SIMS, and later from TIMSS, has 
revealed the extent to which “textbooks are a particularly critical link 
between the intended and attained curriculum in school mathematics” 
because “they help teachers identity content to be taught, instructional 
strategies appropriate for a particular age level, and possible 
assignments to be made for reinforcing classroom activities” 
(Thompson et al. 2012, p. 254). 
This critical link that textbooks provide between the intended and 
attained curriculum, via the implemented curriculum, is increasingly 
being recognised as an important topic for research. In this paper we 
are interested in the content and structure of school mathematics 
textbooks and how such textbooks seek to provide not only a resource 
to teachers to implement the intended curriculum but also something 
that students use in order to learn the attained curriculum. We do this 
by focusing on two countries, England and Japan, and by selecting to 
analyse in detail one component of the school mathematics 
that of geometry, as it appears in one textbook series sampled from 
each country. As such, this paper presents an analysis of how the 
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geometry component of the National Curricula in Japan and in a 
selected country of the UK, specifically England, appears in the 
textbooks in those countries through addressing the following research 
question.  
 How does the geometry component of a national curriculum 
document appear in school mathematics textbooks? 
We take the textbooks in use in Japan and the UK because these 
countries provide interesting and contrasting approaches to school 
geometry (Hoyles et al, 2002). Through our analysis of how the 
features of geometry and approaches to geometry appear in the 
sampled textbooks, we raise issues related to the teaching of reasoning 
and problem-solving in school geometry. While reasoning is one of 
the most important topics in the teaching and learning of mathematics 
(e.g. Mariotti and Balacheff, 2008), it remains arguable whether this 
should be provided primarily through geometry (e.g. Battista and 
Clements, 1995). Indeed, geometry can provide other learning 
opportunities, such as in problem-solving and mathematical modeling, 
which also play a key role in the learning process (e.g. Koedinger, 
1998). We return to these issues in our conclusions. 
2 Research on school mathematics textbooks 
As noted above, an increasing range of research studies are focusing 
on analysing school mathematics textbooks and the role they play in 
classrooms around the world. In particular, a range of studies have 
examined the content, structure and classroom use of such textbooks; 
examples include Gueudet et al. (2011), Herbel-Eisenmann (2007), 
Pepin and Haggarty (2001), Rezat (2006), Vincent and Stacey (2008) 
and Valverde et al. (2002). For our purposes in this section, we restrict 
ourselves to studies that have focused on the topic of geometry in the 
content and structure of textbooks, especially those reporting on such 
aspects of textbooks from England and/or from Japan. 
We begin with two cross-national studies. In the first, Howson (1995), 
in a study that was part of TIMSS, reported on a cross-national 
comparison of Grade 8 textbooks (see Foxman 1999 for a general 
summary of the TIMSS evidence on textbooks). In the second, Hoyles 
et al. (2002) analysed geometry curricula and, to some extent, 
textbooks. Both reports indicated that, at the time of publication, 
lower secondary school geometry in Japan concentrated on 
congruence and thence similarity, while in England it seemed that a 
wider range of topics was included under the heading of geometry. 
More recently, Peterson (2008) reported on an analysis of several 
lower secondary school mathematics textbooks from Japan. This 
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revealed that in each of the 7th, 8th and 9th Grade textbooks 
there were two chapters devoted to geometry. Peterson (ibid, p216) 
also reported that almost every section of each textbook, whether 
geometry or another topic in mathematics, “begins with a deep 
thought-provoking question” aimed at provoking student thinking. 
Most recently, Miyakawa (2012) provided a brief report on a 
comparison of the way in which proof in geometry is introduced in 
Grade 8 mathematics textbooks from France and Japan. Amongst 
other things, Miyakawa reported that in textbooks from Japan, 
congruency of triangles was “quite often proven as a step to prove 
other properties and plays an important role in the textbook” (ibid, 
p230). 
Overall, this research is illustrating how school textbooks constitute an 
important component of what Foxman (1999) called the ‘potentially-
implemented’ mathematics curriculum; that is, the curriculum that the 
teacher might implement in actual classroom practice. As such, the 
school textbook can be seen as an artefact which mediates between the 
intended and actually-implemented curriculum.  
In the next section we explain the context of our study in terms of the 
mathematics curriculum and textbooks in both England and Japan. 
3 School mathematics in England and Japan 
2.1. England 
In England, at the time of writing, the national specification of the 
mathematics curriculum is given in the National Curriculum (DfEE 
1999). In this document, mathematical content is divided into three 
components: ‘number and algebra’, ‘shape, space and measures’, and 
‘handling data’. It is important to note that the content is not specified 
by Grade level; it is specified by what is called a ‘key stage’. This 
means that for Grade 8, the content is within the ‘key stage 3’ 
curriculum (which covers ages 11-14). In addition, a section entitled 
‘Using and Applying Mathematics to Solve Problems’ overlays the 
whole mathematics curriculum with the aim of developing students’ 
capabilities to use and apply previously-learnt knowledge, to explain, 
to communicate logically, and so on. 
An interpretation of the ‘key stage 3’ curriculum for each Grade level 
within that ‘key stage’ is, at the time of writing, provided by another 
national document; the key stage 3 ‘Framework’ for mathematics 
(DfEE 2001). As our focus in this paper is on ‘shape, space and 
measures’, Table 1 provides the list of Grade 8 content for the ‘shape, 
space and measures’ component of the mathematics curriculum for 
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England; this includes opportunities such as explaining and solving 
problems in geometry. Note that in Table 1 stipulations shown in bold 
are ‘key objectives’ and those in italics are for ‘able pupils’. It is also 
notable that while proof is included in the Grade 8 content for ‘shape, 
space and measures’, it is also stipulated in the ‘key stage 3’ 
specification for ‘number and algebra’.  
Table 1 ‘Shape, space and measures’ in Grade 8 in England 
Geometrical reasoning: lines, angles and shapes 
• Distinguish between conventions, definitions and derived properties; distinguish between 
practical demonstration and proof; know underlying assumptions, recognising their importance 
and limitations, and the effect of varying them. 
• Explain how to find, calculate and use: 
– the sums of the interior and exterior angles of quadrilaterals, pentagons and hexagons; 
– the interior and exterior angles of regular polygons. 
• Solve problems using properties of angles, of parallel and intersecting lines, and of 
triangles and other polygons, justifying inferences and explaining reasoning with diagrams 
and text; understand and apply Pythagoras’ theorem. 
• Understand congruence; apply the conditions SSS, SAS, ASA or RHS to establish the 
congruence of triangles. 
• Know that if two 2-D shapes are similar, corresponding angles are equal and corresponding 
sides are in the same ratio. 
• Know the definition of a circle and the names of its parts; explain why inscribed regular 
polygons can be constructed by equal divisions of a circle; know that the tangent at any point on 
a circle is perpendicular to the radius at that point; explain why the perpendicular from the 
centre to the chord bisects the chord. 
• Visualise and use 2-D representations of 3-D objects; analyse 3-D shapes through 2-D 
projections, including plans and elevations. 
Transformations 
• Transform 2-D shapes by combinations of translations, rotations and reflections, on paper and 
using ICT; know that translations, rotations and reflections preserve length and angle and 
map objects on to congruent images; identify reflection symmetry in 3-D shapes. 
• Enlarge 2-D shapes, given a centre of enlargement and a whole number scale factor, on paper 
and using ICT; extend to enlarging 2-D shapes, given a fractional scale factor; recognise the 
similarity of the resulting shapes; identify the scale factor of an enlargement as the ratio of the 
lengths of any two corresponding line segments; recognise that enlargements preserve angle but 
not length, and understand the implications of enlargement for perimeter, area and volume. 
• Use and interpret maps and scale drawings. 
Coordinates 
• Find points that divide a line in a given ratio, using the properties of similar triangles; given 
the coordinates of points A and B, calculate the length of AB. 
Construction and loci 
• Use straight edge and compasses to construct a triangle, given right angle, hypotenuse and side 
(RHS); use ICT to explore constructions of triangles and other 2-D shapes; know from 
experience of constructing them that triangles given SSS, SAS, ASA or RHS are unique, but that 
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triangles given SSA or AAA are not. 
• Find the locus of a point that moves according to a simple rule, both by reasoning and by using 
ICT; extend to more complex rules involving loci and simple constructions. 
Measures and mensuration 
• Use units of measurement to calculate, estimate, measure and solve problems in a variety of 
contexts; convert between area measures (mm2 to cm2, cm2 to m2, and vice versa) and between 
volume measures (mm3 to cm3, cm3 to m3, and vice versa); recognise that measurements given 
to the nearest whole unit may be inaccurate by up to one half of the unit in either direction. 
• Understand and use measures of speed (and other compound measures such as density or 
pressure) to solve problems; solve problems involving constant or average rates of change. 
• Know and use the formulae for the circumference and area of a circle, and arcs and 
sectors of circles. 
• Calculate the surface area and volume of right prisms; calculate lengths, areas and volumes in 
right prisms, including cylinders. 
• Begin to use sine, cosine and tangent in right-angled triangles to solve problems in two 
dimensions.  
Using and Applying Mathematics to Solve Problems  
Pupils should be taught to: 
 Solve increasingly demanding problems; explore connections in mathematics across a 
range of contexts; generate fuller solutions.  
 Solve substantial problems by breaking them into simpler tasks, using a range of 
efficient techniques, methods and resources, including ICT; use trial and improvement 
where a more efficient method is not obvious  
 Present a concise, reasoned argument, using symbols, diagrams, graphs and text; give 
solutions to an appropriate degree of accuracy; recognise limitations on accuracy of 
data and measurements; give reasons for choice of presentation, explaining features, 
showing insight into the problem’s structure  
 Suggest extensions to problems; conjecture and generalise; identify exceptional cases 
or counter-examples, with explanation; justify generalisations, arguments or solutions; 
pose extra constraints and investigate whether particular cases can be generalised 
further  
 
In terms of textbooks in England, these are provided by a wide range 
of publishers (Millet and Johnson 1996). There is no official 
procedure to sanction textbooks; schools and teachers can choose 
whatever textbooks they deem suitable based on their professional 
judgment. Publishers might take different approaches to dealing with 
the notions of content stipulation of ‘key objectives’ (shown in bold in 
Table 1) and those for ‘able pupils’ (shown in italics in Table 1). In 
dealing with the latter, there may be a different textbook that covers 
all the content for ‘able pupils’ at a particular grade level. We return to 
issue later in this paper. 
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2.2. Japan 
The specification of the mathematics curriculum for Japan is given in 
the ‘Course of Study’ (MEXT 2008). Mathematical content is divided 
into ‘Numbers and Algebraic Expressions’, ‘Functions’, ‘Geometrical 
Figures’ and ‘Making Use of Data’. In addition, in a similar way to 
England, a section entitled ‘Mathematical Activities’ overlays the 
curriculum with the aim of developing students’ capabilities to use 
and apply previously-learnt knowledge, to explain, to communicate 
logically, and so on. Given our focus is ‘Geometrical Figures’ in 
Grade 8, Table 2 gives the detail of this topic in the curriculum in 
Japan.  
Table 2 ‘Geometrical Figures’ in Course of Study 2012 for Grade 8 in Japan 
Geometrical figures 
(1) Through activities like observation, manipulation and experimentation, to be able to find out 
the properties of basic plane figures and verify them based on the properties of parallel 
lines.  
(a) To understand the properties of parallel lines and angles and basing on it, to verify and 
explain the properties of geometrical figures. 
(b) To know how to find out the properties of angles of polygons based on the properties of 
parallel lines and angles of triangle.  
(2) To understand the congruence of geometrical figures and deepen the way of viewing 
geometrical figures, to verify the properties of geometrical figures based on the facts like 
the conditions for congruence of triangles, and to foster the ability to think and represent 
logically.  
(a) To understand the meaning of congruence of plane figures and the conditions for congruence 
of triangles. 
(b) To understand the necessity, meaning and methods of proof.    
(c) To verify logically the basic properties of triangles and parallelograms based on the facts like 
the conditions for congruence of triangles, and to find out new properties by reading proofs 
of the properties of geometrical figures.  
Mathematical activities 
(1) In learning each topic of “Numbers and Algebraic Expressions”, “Geometrical Figures”, 
“Functions”, and “Making Use of Data”, and in learning the connections of these contents, 
students should be provided with opportunities for doing mathematical activities like the 
following. 
(a) Activities for finding out the properties of numbers and geometrical figures based on 
previously-learned mathematics 
(b) Activities for making use of mathematics in daily life 
(c) Activities for explaining and communicating each other in one’s own way by using 
mathematical representations 
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From Table 2 it is clear that established practice in Japan is that the 
term ‘proof’ explicitly appears in the specification of the geometry 
content. This does not mean that mathematical proofs do not occur in 
other areas of the mathematics curriculum in Japan; rather, it means 
that proof is not explicitly stipulated elsewhere in Grade 8 (in the 
algebra section of the curriculum at this grade level, some algebraic 
explanations are covered but these explanations are not explicitly 
referred to as a form of proof).  
At the time of writing this paper there are seven publishers whose 
textbook series have been approved for use in Japan (for a description 
of the process of developing mathematics textbooks in Japan, see 
Shimizu and Watanabe 2010). While a typical textbook for Grade 8 
covers the entire curriculum for that grade level, since 2003 the 
Ministry of Education in Japan had approved “the inclusion of 
advanced materials so that those materials can be used with those 
students who have mastered the grade level materials” (Shimizu and 
Watanabe 2010). This means that, while the majority of the content in 
a textbook is for all students, items that might be marked in a textbook 
with ‘Let's try’ or ‘Chapter problem B’ are not for all students.  
3. Analytic Framework and Method 
As stated above, our research question is ‘How does the geometry 
component of a national curriculum document appear in school 
mathematics textbooks?’ To answer this question, we selected for 
analysis the geometry content for students aged 13-14. Our analytic 
framework is derived from the work of Valverde et al. (2002) and 
consisted of the following steps: 
 identifying lesson numbers in the relevant chapters in the 
textbooks; 
 division of each lesson into ‘blocks’;  
 coding of each ‘block’ in terms of ‘content’ and ‘performance 
expectation’. 
The details of the types of ‘blocks’, and the categories of ‘content’ and 
‘performance expectation’ are given in Appendix A (adapted from 
Valverde et al. 2002, pp. 184-7). A key reason for using this 
framework was that we wanted to capture the overall structure, 
content and intended performances in the textbooks, rather than, say, 
focusing only on the sorts of tasks and exercises that appear in the 
textbooks. The TIMSS codes provide a comprehensive view of 
performance expectations that enabled us to code not only basic 
knowing and procedural expectations (coded as 2.1 and 2.2 in 
Appendix A), but also more the broader expectations of problem 
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solving and reasoning (coded 2.3 and 2.4) as related to ‘using and 
applying’ (in England, see Table 1)’ and ‘mathematical activities’ (in 
Japan, see Table 2). That said, we did not utilise the TIMSS coding 
‘2.5 Communicating’ because in piloting our analysis we often had 
difficulties in applying these to coding our selected chapters (though 
we should stress that we do not regard this aspect as less important 
that the other performance expectations).   
For the textbook from England we selected, Exploring Mathematics 5 
(Straker et al, 2008) published by Pearson in 2008. For the textbook 
from Japan, we selected the latest edition of Mathematics 2 (Fujii & 
Matano, 2012) published by Tokyo Shoseki in 2012. We acknowledge 
that only one textbook is chosen from each country and these books 
do not necessarily represent the general pictures of the teaching of 
geometry in the UK and Japan. Nevertheless, these textbooks are from 
major publishers and are designed for the curriculum content which 
the majority of Grade 8 students in England and Japan would be 
studying.  
Table 3 and 4 exemplify how we conducted the coding of the 
textbooks (note that we omitted the codes solely related to graphics): 
Table 3 Example of coding of textbook from England 
Lesson number: G5.2 Lesson 2 Problem solving Exploring Mathematics 5 (England) 
Block  Content Codes 
1 (p. 117) This lesson will help you to draw and 
label angles correctly and use angle 
facts, properties of polygons and step-
by-step reasoning to solve problems.  
Block type: 1 
Content: 1.1.2 & 1.1.3 
Performance Expectations: 2.1.3 & 
2.1.5 
2 (p. 117) Angle facts  
Here are some angle facts that you can 
use to help you to solve problems: 
* angles on a straight line sum to 180º; 
* vertically opposite angles are equal;  
… (there are 8 facts. Also points for 
method of working are listed).  
Block type: 1 
Content: 1.1.2 & 1.1.3 
Performance Expectations: 2.1.3 & 
2.1.4 
3 (p. 117) Example  
Prove that the exterior angle of a 
triangle is equal to the sum of the 
interior angles at the other two vertices.  
x+y+z=180º (angles in triangle ABC) 
… (the rest of the proof is provided 
with a diagram).  
Block type: 9a 
Content: 1.1.2 & 1.1.3 
Performance Expectations: 2.1.3 & 
2.4.5 
4 (p. 118) Work with partner  
1 Triangle XYZ is isosceles with 
Block type: 6b 
Content: 1.1.2 & 1.1.3 
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XY=XZ. 
P is any point on XZ. 
Through P, a straight line is drawn 
parallel to ZY to cut XY at Q. 
Prove that angle XQP=angle XPQ. 
… (there are 7 problems) 
Performance Expectations: 2.1.3 & 
2.4.5 
5 (p. 119) Points to remember  
* Read the question carefully and draw 
a diagram. 
* Use given information to label the 
diagram. … (there are 5 points) 
Block type: 1 
Content: 1.1.2 & 1.1.3 
Performance Expectations: 2.1.3 
 
Table 4 Example of coding from Japanese textbook 
Lesson number: 224 Mathematics 2 (Japan) 
Block number Content Codes 
1 (p. 122) Let's think about what conditions must 
be satisfied for a triangle to be an 
isosceles triangle.  
Block type: 1 
Content: 1.1.3 
Performance Expectations: 2.1.3 & 
2.1.5 
2 (p. 122) Q If you fold a strip of paper as shown 
below, what kind of triangle is the 
triangle formed by the overlapping 
parts? (there is a diagram) 
Block type: 8a 
Content: 1.1.3 
Performance Expectations: 2.1.3 & 
2.4.4 
6 (p. 122) In triangle ABC shown above, angle 
ABC = angle ACB. 
This can be concluded by noting that 
the edges of the paper strip are parallel 
lines.  
Block type: 1 
Content: 1.1.2 & 1.1.3 
Performance Expectations: 2.1.3 & 
2.4.5 
7 (p. 122) Prob. 1 In triangle ABC above, explain 
the reason why angle ABC = angle 
ACB. 
Block type: 6a 
Content: 1.1.2 & 1.1.3 
Performance Expectations: 2.1.3 & 
2.4.5 
8 (pp. 122-
123) 
It has already been proven that when 2 
sides of a triangle are equal, then the 2 
angles must also be equal. 
Conversely, can it be said that if 2 
angles are equal, 2 sides of the triangle 
must also be equal? Let's prove "If 2 
angles in a triangle are equal, then 2 
sides are also equal." 
In order to do so, we must show that in 
triangle ABC, from the supposition  
Angle B = angle C … (the rest of the 
Block type: 9a 
Content:  1.1.2, 113 & 1.2.3 
Performance Expectations: 2.1.3 & 
2.4.5 
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proof with a diagram follows)  
9 (p. 123) From this proof, we obtain the 
following theorem.  
Conditions for isosceles triangles  
Theorem If 2 angles in a triangle are 
equal, then the triangle is an isosceles 
triangle with the 2 equal angles as the 
base angles.  
Block type: 1 
Content: 1.1.3 
Performance Expectations: 2.1.4 
We should explain that the code ‘2.3. Investigating and problem 
solving’ (see Appendix A for the coding framework) is applied if, and 
only if, a textbook lesson provides opportunities both to work with 
real life situations/mathematical modelling and the following cycle is 
involved: ‘Formulating and clarifying problems (coded 2.3.1)’, 
‘Developing strategy (2.3.2)’, ‘Solving (2.3.3)’, ‘Predicting (2.3.4), 
and ‘Verifying (2.3.5). As such, the following problem is coded as 
‘Performing routine procedure (2.2.2) even though the particular 
problem is set in a context: “Poppy uses a map with a scale factor 1 to 
50 000. She measures the distance between two points on the map as 
7.4 cm. What is the actual distance between the two points in 
kilometres?” (Exploring mathematics 5, p. 201).   
For the textbook from Japan we used a version published in English. 
As one of us is a native speaker of Japanese, the original Japanese 
version was also used to check whether the English version reasonably 
translated the Japanese content: in our work we did not find any 
problematic translations.  
In coding the geometry chapters in the textbooks, we undertook a 
four-stage process. The first stage was for the two authors to 
undertake a joint initial coding of a sample of lessons from the 
textbooks. The second stage was for the second author to do an initial 
coding of all the selected chapters. For the third stage, the first author 
worked through a sample of coded lessons and the two authors then 
met to discuss and agree the final coding. At this stage, three sampled 
lessons were checked. Across the three lessons, a total 39 blocks were 
checked. Both authors agreed 100% of the ‘Block type’ and ‘Content’ 
coding. For ‘Performance expectations’, coding agreement occurred 
on all but two of the codes (which were then subject to agreement). 
For the fourth stage, the second author revisited all the coding to make 
any adjustments in the light of the discussion during the third stage, 
with a sample of any adjusted codes being checked with the first 
author. Through this procedure inter-rater reliability is high and we 
have utmost confidence in the validity and accuracy of the coding. 
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4 Findings: Identified Features of Textbooks 
4.1. Overall findings 
In the textbook from England, the number of intended lessons in 
Exploring Mathematics 5 is shown in Table 5 (excluding Revision 
units 1 and 2; pp. 329-375). The data in Table 5 shows that some 33 
lessons out of 121 were devoted to geometry (each lesson being 50 
minutes long). 
Table 5 The number of intended Grade 8 lessons in the textbook from England 
Number (N) 
Algebra (A) 
Geometry (G) 
Statistics (S) 
Functional skills  
Total 
24 lessons 
34 lessons 
33 lessons 
26 lessons 
  4 lessons 
121 lessons 
For the textbook from Japan, the list of chapters, and how many 
lessons each chapter entails, is given in Table 6. As can be seen from 
the table, around one third of the content was devoted to geometry; 
this being at least 34 lessons (each 50 minutes long) out of 105. Given 
that teachers using the textbook have some flexibility to use a few 
additional lessons for geometry, the actual number of lessons would 
likely be somewhat higher (a total of 12 lessons per year can be used 
flexibly by the teacher). 
Table 6 The number of intended Grade 8 lessons in the textbook from Japan 
Chapter 1 Calculations with algebraic expressions (pp. 6-29) 
Chapter 2 System of equations (pp. 30-51) 
Chapter 3 Linear functions (pp. 52-87) 
Chapter 4 Parallelism and congruence  (pp. 88-115) 
Chapter 5 Triangles and quadrilaterals (pp. 116-145) 
Chapter 6 Probability (pp. 146-162, 10 lessons) 
Total 
16 lessons 
14 lessons 
19 lessons 
15 lessons 
19 lessons 
10 lessons  
93 lessons 
Note: as there are a total of 105 lessons a year, 12 lessons can be used flexibly by the teacher. 
Overall, then, even though there are more lessons in England (121 
compared with 105), the textbook from Japan contains more lessons 
on geometry than the textbook from England (33 in England 
compared with at least 34 in Japan; noting that teachers in Japan have 
12 additional lessons can be used flexibly). 
For the textbook from England, across 33 lessons we identified 174 
blocks. In the textbook from Japan, we identified 321 blocks within 34 
lessons. Detailed analysis of the exercise blocks showed that in the 
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textbook from England there was an average of 7.1 questions per 
block compared to an average of 1.8 in the textbook from Japan. 
Hence, in the textbook from England that may be fewer exercise 
blocks compared with the textbook from Japan, but each exercise 
block contains, on average, more question. 
4.2. Findings from English textbook 
Table 7 summarises the findings for the textbook from England (the 
percentages of each code are in respect of 174 blocks).  
Table 7 Block type frequency  
Type 1 2 3 4 5 6a&b 7a&b 8a&b 9&b 10 
% 51.1 4.6 0.6 12.1 0.0 19.0 0.0 0.0 12.6 0.0 
From Table 7 it can be seen that block types ‘1 Central instructional 
narrative’ (51.1%), ‘4 Related graphic’ (12.1%), ‘6a Exercise set with 
diagrams’ (19.0%) and ‘9a Worked examples with diagrams’ (12.6%) 
constitute the majority of the blocks. It is important to note that these 
percentages do not simply relate to the physical space taken in the 
textbook for each block type. For example, whereas 19% of the 
‘blocks’ were coded as ‘6a Exercise set with diagrams’ most of the 
space in the textbook was devoted to exercises. A typical structure of 
each lesson was as follows: a lesson begins with a statement of lesson 
objectives, followed by a narrative block to introduce definitions, 
facts, formulae etc. Then examples and exercises follow. Each lesson 
finishes with ‘Points to remember’ that summarises the facts studied 
in the lesson (Table 3 provides an example of this structure) 
In terms of the content of geometry, each lesson in the textbook from 
England concentrated on one or two topics. Yet each set of lessons (in 
the form of a ‘unit’) contained a variety of geometry topics. For 
example, unit ‘G5.3 Transformations’ contained not only 
transformations of 2D shapes but also symmetry of 3D shapes, 
enlargement, measurement and so on. In this way, as shown in Table 
8, one block could contain more than two content topics; this is why 
the percentages in Table 8 do not sum to 100%. 
Table 8 Content type frequency  
Code 1.1.1 1.1.2 1.1.3 1.1.4 1.1.5 1.2.1 1.2.2 1.2.3 1.2.4 1.2.5 1.3.1 1.3.2 NA 
% 1.1 33.9 75.3 33.3 0.0 16.7 10.9 2.9 13.2 13.2 32.8 1.1 0.0 
 
The main content in the textbook from England was ‘2-D geometry: 
Polygons and circles (1.1.3)’ (75.3%). In addition, the textbook 
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contained ‘2-D geometry: Basics (1.1.2)’ (33.9%), ‘3D geometry 
(1.1.4)’ (33.3%), ‘Measurement (1.3.1)’ (32.8%), ‘Similarity (1.2.4)’ 
(13.2%) and ‘Geometrical construction (1.2.5)’ (13.2%). The content 
related to congruent triangles (1.2.3) appeared as very little (2.9%). 
This is likely to be because the National Curriculum objective to 
‘apply the conditions SSS, SAS, ASA or RHS to establish the 
congruence of triangles’ is for ‘able pupils’ and hence congruent 
triangles is covered in Exploring Mathematics 6 which perhaps as 
many as 30% of the students in Grade 8 may follow.  
Table 9 Performance expectations frequency 
Code 2.1.1 2.1.2 2.1.3 2.1.4 2.1.5 2.2.1 2.2.2 2.2.3 2.3.1 2.3.2 2.3.3 2.3.4 2.35 
% 2.3 0.0 74.7 24.1 21.3 1.7 28.7 15.5 0.6 0.6 0.6 0.6 0.6 
Code 2.4.1 2.4.2 2.4.3 2.4.4 2.4.5 NA 
% 0.0 0.0 1.1 0.6 6.9 5.2 
 
The data in Table 9 show that various ‘performance expectations’ 
appeared in this textbook, with ‘Recalling properties and theorems 
(2.1.3)’ (74.7%) and ‘Performing routine procedures (2.2.2)’ (28.7%) 
being foremost. It is also clear that this textbook contained 
opportunities for complex routine procedures (2.2.3) (15.5%). The use 
of ICT (e.g. dynamic geometry programme, G5.2 lesson 1, pp. 113-6) 
or problems with contexts (e.g. G5.2 lesson 7 pp.129-131) appeared as 
well.  
We were able to identify one lesson which provides an opportunity for 
the problem solving cycle (performance expectation 2.3); this is 
‘G5.2. 2D and 3D Shapes Lesson 7 Solving problems using surface 
area and volume’. In this lesson, a penguin is modelled by using a 
cuboid and, through considering surface areas and volumes, students 
are expected to investigate why penguins huddle to keep themselves 
warm. ‘Justifying and proving (2.4.5)’ appears in this textbook, but, at 
6.9%, the opportunities are rather limited. No systematic explanation 
of proof is presented in Exploring Mathematics 5. As might be 
expected from the stipulation of the Grade 8 curriculum for England, 
Exploring Mathematics 6 for ‘able pupils’ contains a lesson about the 
difference between empirical evidence and proof (this appeared in 
Unit G6.1. lesson 2 ‘Evidence or proof’, pp. 78-81).  
4.3. Findings from Japanese textbook 
In Mathematics 2, the textbook from Japan, various approaches were 
evident. Table 10 summarises the block type frequencies as 
percentages (in respect of 321 blocks).  
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Table 10 Block type frequency  
Type 1 2 3 4 5 6a&b 7a&b 8a&b 9&b 10 
% 26.5 15.3 0.0 14.0 10.3 16.2 0.0 9.0 8.4 0.0 
While ‘Activity’ blocks (coded 8a or 8b) were relatively small in 
number in terms of the total number of blocks (amounting to only 
9%), when these block were counted in relation to each lesson it was 
noticeable that lesson often started from suggested activities, as 
exemplified in Table 4. Our analysis showed that just over a third of 
the lessons in the textbook began with a problem. Further analysis 
indicated that by starting from a problem, students were expected to 
form some initial ideas about geometrical statements to be explored in 
each lesson. In the layout of a lesson, a narrative block which recalled 
or summarised some facts or theorems accompanied by some 
exercises then followed. We found that the principles of how to 
proceed with mathematical proof were explained in detail, including 
explanations of ‘definitions’ and ‘mathematical proof’. The 
frequencies of diagrams were relatively high (14% and 10.3%), 
because many activities, worked examples, and exercise sets included 
diagrams or make explicit references to related diagrams.  
Table 11 Content type frequency  
Code 1.1.1 1.1.2 1.1.3 1.1.4 1.1.5 1.2.1 1.2.2 1.2.3 1.2.4 1.2.5 1.3.1 1.3.2 NA 
% 0.0 32.7 74.1 0.0 0.0 0.0 0.0 27.7 0.0 3.1 5.0 0.0 13.7 
The major content of the textbook was ‘2-D geometry: Polygons and 
circles (1.1.3)’ (74.1%), ‘2-D geometry: Basics (1.1.2)’ (32.7%), and 
‘Congruence (1.2.3)’ (27.7%). No content was directly related to 
similarly (1.2.4) as, in the curriculum in Japan that content is 
introduced in Grade 7 and developed in Grade 9. It is particularly 
noticeable that content codes for ‘3D shapes (1.1.4)’, ‘transformations 
(1.2.1)’, and ‘symmetry (code 1.2.2)’ were also zero in Grade 8 (again 
because these topics are introduced in Grade 7 and developed in 
Grade 9).  
Table 12 Performance expectations frequency 
Code 2.1.1 2.1.2 2.1.3 2.1.4 2.1.5 2.2.1 2.2.2 2.2.3 2.3.1 2.3.2 2.3.3 2.3.4 2.35 
% 4.7 0.0 68.5 27.7 8.7 0.0 2.2 0.0 0.0 0.0 0.0 0.0 0.0 
Code 2.4.1 2.4.2 2.4.3 2.4.4 2.4.5 NA 
% 6.9 0.0 1.9 8.4 26.2 12.8 
In terms of performance expectations, the following can be seen as 
major ones; ‘Recalling properties and theorems (2.1.3)’ (68.5%), 
‘Consolidating notation and vocabulary (coded 2.1.4)’ (27.7%), and 
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‘Justifying and proving (2.4.5)’ (26.2%). It is interesting to note that 
when ‘2.4.5 Justifying and proving’ is considered in terms of 
this performance expectation is in fact quite prominent in the Japanese 
textbook. For example, 26 out of 34 geometry lessons (76.4%) 
provided activities and exercises that utilised ‘justifying and proving’ 
geometrical facts. The frequency of ‘Conjecturing and discovering 
(coded 2.4.4)’ is not high, but in relation to ‘Activity’ blocks, about 
60% of ‘Activity’ blocks expected student to form conjectures.  
In terms of coverage of the conditions of congruent triangles, these 
were introduced during the eighth lesson (out of at least 34). In the 
textbook, after this lesson, 23 lessons included congruent triangles, 
and, of these, 19 lessons included ‘Justifying and proving’. This 
demonstrates that in the textbook from Japan it is congruent triangles 
that play the key role. In contrast, we could not identify any lessons 
which provided opportunity for the full problem solving cycle 
(performance expectation 2.3). 
4.4. Summary of findings 
In summary of our analysis, a wide range of content and contexts are 
studied in the textbook from England, Exploring mathematics 5. In 
contrast, in the textbook from Japan, the manner of mathematical 
proof is built up through conjecturing about, and then proving, various 
geometrical statements. As a consequence, it appears that 14 year old 
students in England study a much broader content in geometry than do 
their Japanese contemporaries who might see geometry as a very 
formal subject for study in which congruent triangles play a major 
role.  In terms of overall structures of textbooks, our sample textbook from 
England showed that, in general, a lesson starts from some narrative 
parts, followed by exercise sets, and then a summary part. In contrast, 
various approaches are taken in the Japanese textbook. In terms of the 
overall typology of textbooks, Valverde et al (2003) identified five 
types of textbooks (pp. 158-9) in terms of block types, from ones that 
consisted mainly of exercises, to ones that place emphasis on 
conveying content through narrative. In our analysis results we found 
that the textbook we studies could not simply be fitted into one of the 
five groups identified by Valverde et al. This might be because we 
focused on geometry. This suggests that it might be sensible to revisit 
the typology of textbooks derived from the TIMSS coding approach.  
5. Discussion and conclusion 
The purpose of our study was to address the research question ‘how 
does the geometry component of a national curriculum document 
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appear in school mathematics textbooks?’ We have taken the cases 
from England and Japan and revealed the textbook content and 
performance expectations. Our conclusion is that the textbooks from 
both England and Japan clearly attempt to reflect the relevant national 
curriculum documents. This means that in England the geometrical 
content covers various shapes, transformations and measurement, 
whereas in Japan the content focuses unswervingly on geometric 
proof using congruency. While this conclusion is not altogether 
unexpected, it does, nevertheless, raise several issues. In concluding 
we raise two matters: the teaching of reasoning and proof, and the 
teaching of problem-solving and mathematical modeling.  
As we have seen from Tables 1 and 2, both England and Japan take 
reasoning in geometry as an important component in the intended 
curriculum at Grade 8. In terms of the teaching of reasoning and proof 
at the level of the textbook (i.e. at the level of the potentially-intended 
curriculum), we saw in the data presented above that in England while 
proof is included in the Grade 8 content for geometry, it is also 
stipulated in the curriculum for number and algebra at that grade level. 
In contrast in Japan within Grade 8, ‘proof’ appears explicitly only in 
the specification for geometry (while this does not mean that proof 
does not occur in other areas of the mathematics curriculum in Japan, 
proof is not explicitly stipulated elsewhere). The difference between 
the textbooks we analyzed in terms of the attention given to proof 
stems from the different encapsulations of proof within the respective 
national curricula. One (from England) takes proof as pervading the 
mathematics curriculum. While there are clear advantages to this, the 
danger is that the coverage is a bit dispersed. The other approach (as 
in Japan) is to concentrate coverage of proof in Grade 8 geometry. 
While there are clear advantages to this, the danger is that the 
coverage is compartmentalized and excludes any wider coverage of 
geometry for an entire Grade level.  
In terms of the teaching of problem-solving and mathematical 
modeling, in England there is a general stipulation that students in 
Grade 8 are taught to “Solve substantial problems by breaking them 
into simpler tasks, using a range of efficient techniques, methods and 
resources, including ICT” (this applies across the mathematics 
curriculum for Grade 8). As this stipulation does not apply solely to 
the geometry component, we note from our analysis of the textbook 
from England that one lesson is explicitly devoted to this 
‘performance expectation’ (as given in our analytic framework, see 
Appendix A). The lesson is the one in which a penguin is modelled by 
using a cuboid and, by considering surface areas and volumes, 
students investigate why penguins huddle to keep themselves warm. 
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In contrast, in the textbook from Japan, we could not identify any 
geometry lessons which provide opportunity for the full problem-
solving and mathematical modelling cycle (performance expectation 
2.3).  
Even so, in Japan, the ‘Course of Study’ in which ‘mathematical 
activities’ are introduced to underpin the teaching and learning 
approaches, says “In principle, mathematical activities are carried out 
as problem solving. That is, they are a sequence starting with 
generating wonder and questions, formulating problems by 
formalizing them, understanding the problems, planning, 
implementing and reflecting on solution processes, generating new 
wonder and questions, generating conjectures, and formalizing 
problems”. It could be that it is that this guides each overall lesson in 
Japan, and as we have seen in this paper, lessons in textbooks often 
begin with conjecturing and then move on to proving various 
geometrical statements (for more on this, see Fujita & Jones, in press). 
The danger, however, is that students in Japan do not, at least in Grade 
8 geometry, experience problem-solving and mathematical modeling 
in the same way as do students from England. 
In raising these two matters (the teaching of reasoning and proof, and 
the teaching of problem-solving and mathematical modeling) our 
analysis of the textbooks reveals contrasting approaches. In terms of 
the teaching of reasoning and proof, it is dispersed in the textbooks in 
England (across number, algebra and geometry) while it is 
concentrated in geometry in the textbooks in Japan. In terms of the 
teaching of problem-solving and mathematical modeling, it seems 
from our analysis that it is more concentrated in the textbook from 
England (in that there are specific lessons that address this), and rather 
more dispersed in the textbook from Japan (in that there is no specific 
coverage but rather it constitutes a general approach to lessons). As 
such, future research on textbooks could usefully examine the 
affordances and constraints of dispersed coverage as compared to 
concentrated coverage of many topics within the mathematics 
curriculum. To echo the phrase used by Reys, et al. (2004), given that 
textbooks matter, then research on textbooks matters too. 
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Appendix A: textbook analysis framework adapted from Valverde et al, 2002, pp. 184-7 
Block type Content  Performance Expectations 
1 Central instructional 
narrative 
2 Related instructional 
narrative 
3 Unrelated instructional 
narrative 
4 Related graphic  
5 Unrelated graphic 
6a Exercise Set with diagram 
6b Exercise Set without 
diagram 
7a Unrelated Exercise Set 
with diagram 
7b Unrelated Exercise Set 
without diagram 
8a Activity with diagram 
8b Activity without diagram 
9a Worked example with 
diagram 
9b Worked example without 
diagram 
10 Other 
1.1. Geometry: Position, 
visualization, and shape 
1.1.1. 2-D geometry: Co-
ordinate geometry 
1.1.2. 2-D geometry: Basics 
(point, line, and angles) 
1.1.3. 2-D geometry: 
Polygons and circles 
1.1.4. 3-D geometry 
1.1.5. Vectors 
1.2. Geometry: Symmetry, 
congruence, and similarity 
1.2.1. Transformation  
1.2.2. Symmetry 
1.2.3. Congruence 
1.2.4. Similarity 
1.2.5. Constructions using 
straightedge and compass 
1.3. Measurement 
1.3.1. Perimeter, area, and 
volume 
1.3.2. Angle and bearing 
 
2.1. Knowing 
2.1.1. Representing 
2.1.2. Recognizing equivalents 
2.1.3. Recalling properties and 
theorems 
2.1.4. Consolidating notation 
and vocabulary 
2.1.5. Recognising aims of 
lessons 
2.2. Using routine procedures 
2.2.1. Using equipment 
2.2.2. Performing routine 
procedures 
2.2.3. Using more complex 
procedures 
2.3. Investigating and problem 
solving 
2.3.1. Formulating and 
clarifying problems  
2.3.2. Developing strategy 
2.3.3. Solving 
2.3.4. Predicting 
2.3.5. Verifying 
2.4. Mathematical reasoning 
2.4.1. Developing notation and 
vocabulary (proof) 
2.4.2. Developing algorithms 
2.4.3. Generalizing 
2.4.4. Conjecturing and 
discovering  
2.4.5. Justifying and proving 
2.4.6. Axiomatising 
2.5. Communicating 
2.5.1. Using vocabulary and 
notation 
2.5.2. Relating representations 
2.5.3. Describing/discussion 
2.5.4. Critiquing 
 
